Abstract. Let Sh(X) be the triangulated dg category of bounded, constructible complexes of sheaves on a manifold X. Let T wF uk(T * X) be the triangulated A ∞ -category of twisted complexes in the Fukaya category of the cotangent bundle T * X. We prove that Sh(X) embeds as an A ∞ -subcategory of T wF uk(T * X). Taking cohomology gives an embedding of the corresponding derived categories.
Introduction
In this paper, we study the relationship between two natural invariants of a real analytic manifold X. The first is the Fukaya category of Lagrangian submanifolds of the cotangent bundle T * X. The second is the derived category of constructible sheaves on X itself. The two are naively related by the theory of linear differential equations, that is the study of modules over the ring D X of differential operators on X. On the one hand, Lagrangian cycles in T * X play a prominent role in the microlocal theory of D X -modules. On the other hand, the Riemann-Hilbert correspondence identifies regular, holonomic D X -modules with constructible sheaves. In what follows, we give a very brief account of what we mean by the Fukaya category of T * X and the constructible derived category of X, and then state our main result.
Roughly speaking, the Fukaya category of the cotangent bundle T * X is a category whose objects are Lagrangian submanifolds of T * X and whose morphisms and compositions are built out of the quantum intersection theory of Lagrangians. This is encoded by the moduli space of pseudoholomorphic maps from a holomorphic polygon to T * X with prescribed Lagrangian boundary conditions. Since T * X is noncompact, there are many choices to be made as to which Lagrangians to allow and how to obtain wellbehaved moduli spaces of pseudoholomorphic maps. One approach is to insist that the Lagrangians are compact. With this assumption, the theory is no more difficult than that of a compact symplectic manifold. One perturbs the Lagrangians so that their intersections are transverse, and then convexity arguments guarantee compact moduli spaces.
Our version of the Fukaya category F uk(T * X) includes both compact and noncompact exact Lagrangians. We work with all exact Lagrangians that have well-defined limits at infinity. To make this rigorous, we work with a compactification of T * X, and assume that the closures of our Lagrangians are subanalytic subsets of the compactification. Two crucial geometric statements follow from this assumption. First, the boundaries of our Lagrangians are Legendrian subvarieties of the divisor at infinity. Second, for any metric on the fibers of T * X, its restrictions to our Lagrangians have no critical points near infinity. These facts allow us to make sense of "intersections at infinity" and to obtain compact moduli spaces using a suitable class of perturbations. Namely, we restrict our perturbations to those which are normalized geodesic flow near infinity for carefully prescribed times. The resulting Fukaya category F uk(T * X) has many of the usual properties that one expects from both a topological and categorical perspective.
The second invariant of the real analytic manifold X which we consider is the derived category D c (X) of constructible sheaves on X itself. This is a triangulated category which encodes the topology of subanalytic subsets of X. To give a sense of the size of D c (X), its Grothendieck group is the group of constructible functions on X, that is functions which are constant along some subanalytic stratification, for example a triangulation. Examples of objects of D c (X) include closed submanifolds equipped with flat vector bundles. More generally, we have the so-called standard and costandard objects associated to a locally closed submanifold Y ⊂ X equipped with a flat vector bundle E. Informally, these objects may be thought of as the complex of singular cochains on Y with values in E, and the complex of relative singular cochains on (Y, ∂Y ) with values in E. A key observation is that morphisms between these objects are naturally the singular cohomology of certain subsets of X with values in flat vector bundles.
One formulation of our main result is the following.
Theorem 1. Let X be a real analytic pin manifold. Then there is a canonical embedding of derived categories D c (X) ֒→ DF uk(T * X).
The remainder of the introduction is divided into several parts. In the section immediately following, we discuss motivations for our main result result from the longdeveloping theory of microlocal geometry. In the section after that, we explain the general outline of the proof of our main result. Finally, in the last section, we speculate on the place of this result in the framework of mirror symmetry.
1.1. Microlocal geometry. The main result of this paper has a natural place in the context of microlocal geometry. Broadly speaking, sheaf theory on a real analytic manifold X may be thought of as a tool to understand local analytic and topological phenomena and how they assemble into global phenomena. Many aspects of the theory are best understood from a microlocal perspective, or in other words as local phenomona on the cotangent bundle T * X. We collect here a short account of some results from this subject that naturally point toward our main result. (See [15] and its references for a more comprehensive overview.)
Our main result may be viewed as a categorification of the characteristic cycle construction of Kashiwara. Given a constructible complex of sheaves F on X, its characteristic cycle CC(F ) is a conical Lagrangian cycle in T * X (with values in the orientation sheaf of X) which encodes the singularities of the original complex. The multiplicity of CC(F ) at a given covector is the Euler characteristic of the local Morse groups of the complex with respect to the covector. If a covector is not in the support of CC(F ), it means that there is no obstruction to propagating local sections of F in the direction of the covector. So for example, the characteristic cycle of a flat vector bundle on X is the zero section in T * X with multiplicity the dimension of the vector bundle. More generally, the characteristic cycle of a flat vector bundle on a closed submanifold is the conormal bundle to the submanifold with multiplicity the dimension of the vector bundle.
As mentioned earlier, the Grothendieck group of the constructible derived category D c (X) is the space of constructible functions on X. The characteristic cycle construction descends to a map from the Grothendieck group to the group of conical Lagrangian cycles in T * X. From this vantage point, there are many results that might lead one to our main result. First, there is the index formula of Kashiwara and Dubson-Kashiwara. This states that given a constructible complex of sheaves F , its Euler characteristic χ(X, F ) is equal to the intersection of Lagrangian cycles CC(F ) · [df ] where df is the graph of a sufficiently generic function f : X → R. More generally, given two constructible complexes of sheaves F 1 , F 2 , a formula of MacPherson expresses the Euler characteristic of their tensor product in terms of the intersection of their characteristic cycles
The most direct influence on our main result is the work of Ginsburg [10] (in the complex affine case) and Schmid-Vilonen [22] (in general) on the functoriality of the characteristic cycle construction. They explain how to calculate the characteristic cycle CC(Ri * where Γ d log m ⊂ T * U is the graph of the differential. The proof of our main result may be interpreted as a categorification of this formula. We explain this in the next section.
1.2. Summary. To relate the constructible derived category D c (X) to the Fukaya category F uk(T * X), we proceed in several steps, some topological and some categorical. It is well-known that usual notions of category theory are too restrictive a context for dealing with the geometry of moduli spaces of pseudoholomorphic maps. To be precise, F uk(Tcould also take m to be a defining function for the complement X \ U. In this case, the definition simplifies so that L U,f is just the graph Γ df over U.
Now given an object (U, m) of Open(X), where U ⊂ X is open, and m : X → R is a defining function for X \ U, we send it to the standard Lagrangian L U,f ⊂ T * X, where f : U → R is given by f = log m. If U is not all of X, this is a closed but noncompact Lagrangian submanifold of T * X. To properly obtain an object of F uk(T * X), we must endow L U,f with a brane structure. This consists of a grading, or lifting of its squared phase, and a pin structure. We check that standard Lagrangians have canonical gradings, and if X is pin, canonical pin structures as well. We make L U,f an object of F uk(T * X) by equipping it with its canonical brane structure.
What is not immediately clear is what our A ∞ -functor should do with morphisms. To answer this, we first identify Open(X) with an A ∞ -category Mor(X) built out of the Morse theory of open subsets of X equipped with defining functions for their complements. The construction of Mor(X) is a generalization of Fukaya's Morse A ∞ -category of a manifold. As with Open(X), the objects of Mor(X) are pairs (U, m), where U ⊂ X is open, and m : X → R is a defining function for X \ U. As usual, it is convenient to set f = log m as a function on U. For a finite collection of objects (U i , m i ) of Mor(X) indexed by i ∈ Z/(d + 1)Z, the morphisms and composition maps among the objects encode the moduli spaces of maps from trees into X that take edges to gradient lines of the functions f i − f j with respect to some Riemannian metric on X. For example, the morphism complexes are generated by the critical points of Morse functions on certain open subsets, and the differentials are given by counting isolated gradient lines.
There are several delicate aspects to working out the details of this picture. As usual with such a construction, we must be sure that the functions f i and the Riemannian metric are sufficiently generic to ensure we have well-behaved moduli spaces. But in our situation, we must also be sure that the gradient vector fields of the differences f i+1 − f i are not wild at the boundaries of their domains U i ∩ U i+1 . To accomplish this, we employ techniques of stratification theory to move the boundaries and functions into a sufficiently transverse arrangement. Then there will be a convex space of Riemannian metrics such that the resulting moduli spaces are well-behaved. The upshot is that we obtain an A ∞ -structure on Mor(X) whose composition maps count so-called gradient trees for Morse functions on certain open subsets of X. Furthermore, straightforward generalizations of arguments of Kontsevich-Soibelman from homological perturbation theory provide a quasi-equivalence
Finally, we embed the Morse A ∞ -category Mor(X) into the Fukaya A ∞ -category F uk(T * X) as follows. Let (U i , m i ) be a collection of objects of Mor(X) indexed by i ∈ Z/(d + 1)Z, and let L U i ,f i be the corresponding collection of standard branes of F uk(T * X) where as usual f i = log m i . After carefully perturbing the objects, we check that the moduli spaces of gradient trees for the former collection may be identified with the moduli spaces of pseudoholomorphic polygons for the latter. When all of the open sets U i are the entire manifold X, this is a theorem of Fukaya-Oh [8] . They have identified the Morse A ∞ -category of the manifold X and the Fukaya A ∞ -algebra of the zero section in T * X. To generalize this to arbitrary open sets, we employ the following strategy. First, using an area bound, we check that all pseudoholomophic maps have boundary in a prescribed relatively compact region. Next, we alter our standard branes outside of this region so that they become graphs over all of X. Then, in order to extract the desired result from the theorem of Fukaya-Oh, we make further careful perturbations of the graphs. In the end, we are able to check that the theorem of FukayaOh identifies the moduli subspaces relevant to our original collections. Thus we obtain an A ∞ -embedding Mor(X) ֒→ F uk(T * X).
Putting together the above functors gives a quasi-embedding of the A ∞ -category Sh(X) of constructible complexes of sheaves on X into the A ∞ -category T wF uk(T * X) of twisted complexes in the Fukaya category of T * X. Taking the underlying cohomology categories gives an embedding of the corresponding derived categories
Current work in progress is devoted to showing this is an equivalence.
1.3. Mirror Symmetry. The connection of this current work to mirror symmetry is somewhat more speculative, though several appearances of constructible sheaves in the context of mirror symmetry deserve mention. First, the announced results of Bondal and Bondal-Ruan [1] relate the derived categories of coherent sheaves and the Fukaya-Seidel category (on the Landau-Ginzburg side) by establishing equivalences of both with the derived category of constructible sheaves on a torus with respect to a specific (non-Whitney) stratification. One can view the result of Bondal-Ruan from the perspective developed in this paper by identifying (C * ) n with T * ((S 1 ) n ). Second, the announced results of Kapustin and Witten [28] relate the geometric Langlands program to mirror symmetry by equating Hecke operators on D-modules with 't Hooft and Wilson lines acting on branes. Recall that (regular, holonomic) D-modules yield constructible sheaves through the Riemann-Hilbert correspondence. Third, braid group actions have been found in the context of the cotangent bundle, both in the symplectic [] and algebraic categories [].
Another possible relation is the work of Kontsevich-Soibelman [18] and Gross-Siebert [12] in establishing the large complex structure picture of a Calabi-Yau n-fold as a collapse into a real n-fold with integral affine structure and a Monge-Ampère metric. The complex n-fold is recovered from the limit manifold as a quotient of the tangent (or cotangent, using the metric) by the lattice of integer tangent vectors. Though it is intriguing to imagine a quotient construction connecting the cotangent bundle to a compact space, the asymptotic condition on our Lagrangians is not equivariant in any obvious way. A more plausible application might be to the conifold transition, where the cotangent of S 3 is one of the spaces involved -albeit with stacked branes. Witten's work shows how the branes on the base space provide the connection to Chern-Simons theory [27] , while the original work of Fukaya and Oh [8] provides the relation to Morse theory. (See also [16] .)
Finally, one could speculate that our result is the local picture of a duality that holds more generally for compact symplectic manifolds. Patching together a local result, however -mathematically or physically -is a challenging task.
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A ∞ -categories
We collect here standard material concerning A ∞ -categories, dg categories, and triangulated categories. Our reference is Chapter 1 of Seidel's book [23] .
2.1. Preliminaries. Let A be a (not necessarily unital) A ∞ -category with set of objects ObA, Z-graded vector space of morphisms hom A (X 0 , X 1 ), and composition maps
Let H(A) denote the Z-graded cohomological category of A with set of objects ObH(A) = ObA, and Z-graded vector space of morphisms
denote the ungraded cohomological category with set of objects ObH 0 (A) = ObA, and vector space of morphisms
). An A ∞ -category is said to be cohomologically unital or c-unital if H(A) is unital.
Let F : A → B be an A ∞ -functor between A ∞ -categories with map on objects F : ObA → ObB, and morphism maps
Throughout what follows, we assume that all A ∞ -categories are c-unital, and all A ∞ -functors are c-unital. We say that an A ∞ -functor F is a quasi-equivalence if the induced functor H(F ) is an equivalence. We say that F is cohomologically full and faithful if H(F ) is full and faithful.
2.2.
A ∞ -modules. Let Ch denote the dg category of chain complexes considered as an A ∞ -category.
Given an A ∞ -category A, an A ∞ -module over A is an A ∞ -functor A opp → Ch. Let mod(A) denote the A ∞ -category of A ∞ -modules over A.
The functor category mod(A) inherits much of the structure of the target category Ch. For example, mod(A) is a dg category, and its cohomological category H 0 (mod(A)) is a triangulated category. In particular, we have the obvious shift functor S on modules and the cohomological notion of exact triangle of modules. Note that the shift functor may be recovered by taking the cone of the zero morphism to the trivial module, or to the cone of the identity morphism of any module.
For any object Y ∈ ObA, we have the
A . This provides an A ∞ -Yoneda embedding J : A → mod(A) which is cohomologically full and faithful. Since the ambient category mod(A) is a dg category, the image J (A) of the Yoneda embedding is as well. Thus each A ∞ -category A is canonically quasi-equivalent to a dg category J (A).
2.3.
Triangulated A ∞ -categories. Given an A ∞ -category A, an exact triangle in H(A) is defined to be any diagram in H(A) which becomes isomorphic to an exact triangle of H(mod(A)) under the Yoneda embedding. A shift SX of an object X is any object which becomes isomorphic to the shift in H(mod(A)) under the Yoneda embedding.
A nonempty A ∞ -category A is said to be triangulated if the following hold:
(1) Every morphism in H 0 (A) can be completed to an exact triangle in H(A). In particular, every object X has a shift SX.
(2) For each object X, there is an objectX such that SX ≃ X in H 0 (A).
If A is a triangulated A ∞ -category, then H 0 (A) is a triangulated category in the usual sense. Furthermore, if F : A → B is an A ∞ -functor between triangulated A ∞ -categories, then H 0 (F ) is an exact functor. Let A be a full A ∞ -subcategory of a triangulated A ∞ -category B. The triangulated A ∞ -subcategory of B generated by A is the smallest full subcategory A that contains A, is closed under cohomological isomorphism, and is itself triangulated.
A triangulated envelope of a nonempty A ∞ -category A is a pair (A, F ) consisting of a triangulated A ∞ -category A, and a cohomologically full and faithful functor F : A → A such that the objects in the image of F generate A. The triangulated category H 0 (A) is independent of the choice of envelope up to exact equivalence. It is called the derived category of A and is denoted by D(A).
Twisted complexes.
There are two standard constructions of a triangulated envelope: (i) the full subcategory of mod(A) generated by the image of the Yoneda embedding, and (ii) the A ∞ -category of twisted complexes T wA.
In this paper, we adopt the approach of twisted complexes. The explicit construction of T wA will play no role, only the following formal properties.
First, T wA is a triangulated A ∞ -category. There is a canonical A ∞ -functor ι : A → T wA such that ι is injective on objects, on morphisms we have hom A (X 0 , X 1 ) = hom T wA (ιX 0 , ιX 1 ), and the composition maps µ We also have the following.
(1) If A is c-unital, then T wA and ι are as well.
(2) T wA is generated byA.
Furthermore, any A ∞ -functor F : A → B extends to an A ∞ -functor T wF : T wA → T wB satisfying the following.
(1) If F is c-unital, then T wF is as well. (2) If F is cohomologically full and faithful, then T wF is as well. (3) If F is a quasi-equivalence, then T wF is as well.
2.5. Homological perturbation theory. We recall here the general picture of homological perturbation theory as summarized by Seidel [23] .
Let B be an A ∞ -category. Suppose that for each pair of objects (X 0 , X 1 ), we have a chain complex (hom A (X 0 , X 1 ), µ 1 A ), chain maps
of degree 0, and a linear map
of degree −1 such that
In the preceding setup, the subscript A is simply suggestive notation. The main statement of homological perturbation theory is that there is an explicit construction of an A ∞ -category A with objects ObA = ObB, and morphism complexes the given (hom A (X 0 , X 1 ), µ 1 A ). Furthermore, there are A ∞ -functors F : A → B, G : B → A which are the identity on objects, and have first-order terms the given F 1 , G 1 . Finally, there is a homotopy between F • G and id B which starts with the given T 1 . We will use the special case of this construction when G 1 is an idempotent π 1 , and F 1 is the inclusion i 1 of the image of π 1 . In other words, for each pair of objects (X 0 , X 1 ), we have a chain map
of degree 0 such that π 1 • π 1 = π 1 , and a linear map
In this case, if we take
then the resulting A ∞ -functors i : A → B, π : B → A are quasi-equivalences.
Analytic-geometric categories
When working with sheaves on a manifold X, it is often useful if not indispensable to restrict to subsets of X that have strong finiteness properties. In this section, we collect basic material from the theory of subanalytic sets that plays a role in what follows. All of the results and arguments that we use hold in the context of analyticgeometric categories. Since this seems to be a natural level of generality, we adopt it as our framework. What follows is a brief summary of relevant results from van den Dries-Miller [26] . For a discussion of subanalytic sets alone, see Bierstone-Milman [3] .
Throughout what follows, all manifolds are assumed to be real analytic unless otherwise specified.
3.1. Basic definitions. To give an analytic-geometric category C is to equip each manifold M with a collection C(M) of subsets of M satisfying the following properties:
(1) C(M) is a Boolean algebra of subsets with M ∈ C(M). The basic example of an analytic-geometric category is the subanalytic category C an of subanalytic sets and continuous maps with subanalytic graphs. For any analyticgeometric category C, the subanalytic subsets of any manifold M belong to C(M).
3.2.
Background results. Most of the fundamental results about subanalytic sets hold in any analytic-geometric category (although it is unknown whether the uniformization and rectilinearization properties of subanalytic sets have analogues). We limit our discussion here to include only those results which we use.
3.2.1. Derivatives. Given a manifold M, the tangent bundle T M and cotangent bundle T * M are also manifolds. Given a C 1 submanifold A ⊂ M, let T A ⊂ T M denote its tangent bundle, and T * A M ⊂ T * M its conormal bundle.
3.2.2. Whitney stratifications. Let X, Y be C 1 submanifolds of a manifold M, and let x ∈ X. The triple (Y, X, x) is said to satisfy Whitney's condition if given any sequences of points x i ∈ X and y i ∈ Y each converging to x, such that in some local coordinate chart the secant lines ℓ i = x i y i converge to some line ℓ and the tangent planes T y i Y converge to some plane τ , we have ℓ ⊂ τ. The pair (Y, X) is said to satisfy Whitney's condition if for all x ∈ X, the triples (Y, X, x) satisfy the condition.
A C p stratification of a manifold M consists of a locally finite collection S = {S α } of locally closed C p submanifolds S α ⊂ M called strata satisfying
A stratification S of M is said to be compatible with a collection A of subsets of M if S ∩ A = ∅ implies S ⊂ A, for all S ∈ S, A ∈ A.
Given a map f : M → N between manifolds, a C p Whitney stratification of f is a pair (S, T ) where S and T are C p Whitney stratifications of M and N respectively such that for each S ∈ S, the map f | S : S → N is a C p submersion with f (S) ∈ T . 
To a Whitney stratification S = {S α } of M, we associate the conical set Λ S ⊂ T * M given by the union
For a function f : X → R, we say that x ∈ X is a Λ S -critical point of f if we have df (x) ∈ Λ S . We say that r ∈ R is a Λ S -critical value of f if there is a Λ S -critical point x ∈ X such that r = f (x), otherwise we say that r is a Λ S -regular value. Using defining functions, one can construct bump functions as follows. For A 1 , A 2 ∈ C(M) disjoint and closed with defining functions m 1 , m 2 respectively, define
The existence of bump functions implies the existence of partitions of unity and constructions which devolve from them.
Constructible sheaves
Let X be a real analytic manifold. All subsets of X are assumed to belong to some fixed analytic-geometric category unless otherwise specified.
Let C X be the sheaf of locally-constant complex-valued functions on X. By a sheaf on X, we will always mean a sheaf of C X -modules. A sheaf F is said to be constructible if there exists a Whitney stratification of X such that the restriction of F to each stratum is locally-constant and finitely-generated.
We define the triangulated dg category Sh(X) of complexes of sheaves with bounded constructible cohomology as follows. Objects of Sh(X) are complexes of sheaves F with bounded constructible cohomology. For an object F , we writeF for its canonical Godement resolution. Morphisms from an object F 0 to an object F 1 are given by global sections
where Hom denotes the internal hom between complexes of sheaves. The ungraded cohomological category of Sh(X) is the usual bounded constructible derived category D b c (X). Using the canonical Godement resolution, we have the six standard (derived) functors of Grothendieck f * , f ! , f * , f ! , ⊗ and Hom. We similarly have the Verdier duality functor D. Note that we only consider functors applied to resolutions though the notation does not make this explicit. We also refer to objects of Sh(X) as sheaves though they are properly complexes of sheaves.
Standard objects.
The most accessible objects of Sh(X) are the so-called standard and costandard sheaves of submanifolds. To be precise, let i : Y ֒→ X be the inclusion of a submanifold (with its subspace topology) with closure Y ⊂ X and boundary ∂Y = Y \ Y ⊂ X. Note that the boundary could be a highly singular subset. For a local system L Y on Y , we call the sheaf i * L Y a standard object, and the sheaf i ! L Y a costandard object. The terminology reflects that Verdier duality intertwines the two extensions
Similarly, the complex of sections of i ! C Y over U is quasi-isomorphic to the complex of L Y -valued relative singular cochains 
→ For example, if we take F to be C Z and take the cohomology of global sections, we obtain from these two the standard long exact sequences
We also have distinguished triangles associated to truncation functors. Let τ ≤ℓ be the functor which assigns to a complex F the truncated complex
The natural map τ ≤ℓ F → F induces an isomorphism on cohomology sheaves in degrees less than or equal to ℓ. Let τ >ℓ be the functor which assigns to a complex F the truncated complex
The natural map F → τ >ℓ F induces an isomorphism on cohomology sheaves in degrees greater than ℓ. We have a distinguished triangle
Proposition 4. Any object of Sh(X) is isomorphic to one obtained from shifts of standard objects by iteratively forming cones. The same is true for costandard objects.
Proof. Let F be an object of Sh(X). Fix a stratification S of X such that the cohomology sheaves of F are constructible with respect to S. We prove the first assertion (the second is similar, or follows by Verdier duality). The proof is an induction on the strata, beginning with the open strata. Let i k : S k → X be the inclusion of the union of the strata of dimension equal to k, and let j <k : S <k → X be the inclusion of the union of the strata of dimension less than k.
Suppose X has dimension equal to n. Then for the sheaf F , we have a distinguished triangle
→ Using truncation functors, we may express the sheaf F n = i n * i * n F by iteratively forming cones of shifted standard objects associated to the strata S n . By construction, the sheaf F <n = j <n * j ! <n F is supported on S <n . Next we have the distinguished triangle
→ Again, using truncation functors, we may express the sheaf F n−1 = i n−1 * i * n−1 F by iteratively forming cones of shifted standard objects associated to the strata S n−1 . By construction, the sheaf
And so on. In the end, we see that F may be expressed by iteratively forming cones of shifted standard objects.
We have the following strengthening of the proposition.
Proposition 5. Any object of Sh(X) is isomorphic to one obtained from shifts of constant standard objects i * C U for open submanifolds i : U ֒→ X by iteratively forming cones. The same is true for constant costandard objects i ! C U .
Proof. Let F be an object of Sh(X). Choose a stratification T of X such that the cohomology sheaves of F are constructible with respect to T , and the strata of T are cells (see Remark 1) . By the previous proposition, we need to show that for a stratum j : T → X, we can realize the standard object j * C T .
Let Star(T ) be the union of all the strata of T which contain T in their closures, and let s : Star(T ) → X denote its inclusion. Let Star ′ (T ) be the complement of T in 
Since T ֒→ Star(T ) is the inclusion of an orientable submanifold, j ! C Star(T ) is isomorphic to a shift of C T , and the assertion is proved.
Open submanifolds.
From hereon, we focus on standard objects rather than costandard objects, though there is no reason to prefer one over the other. We also consider standard objects with trivial coefficients and leave the case of arbitrary local systems to the reader. (Technically speaking, Proposition 5 obviates the need to consider arbitrary local systems. ) For an open subset U ⊂ X, let Ω k (U) denote the space of differential k-forms on U, and let (Ω(U), d) denote the deRham complex. Define the support of a k-form ω ∈ Ω k (U) to be the smallest closed subset supp(ω) ⊂ X such that
. Recall that for a subset A ⊂ X, we call any function m : X → R with zero set Z(m) = A a defining function for A. We define a dg category Open(X) as follows. The objects of Open(X) are pairs U = (U, m) where U ⊂ X is an open set, and m : X → R is a defining function for the complement X \ U.
1 The complex of morphisms from an
Note the obvious fact that the morphisms are independent of the defining functions. Given a third object U 2 = (U 2 , m 2 ), the composition of morphisms is the wedge product of forms
To see this is well-defined, note that the support of any such wedge product lies in U 1 , and thus since
For an open subset i : U ֒→ X, recall that i * C U denotes the standard extension of the constant sheaf on U.
Lemma 3.
For open subsets i 0 : U 0 ֒→ X, i 1 : U 1 ֒→ X, we have canonical quasiisomorphisms of complexes
The composition of morphisms coincides with the wedge product of differential forms.
Proof. This follows from deRham's theorem and standard adjunction formulas.
By the preceding lemma, we may define a dg functor P : Open(X) → Sh(X) by sending an object U = (U, m) to the standard sheaf i * C U where i : U ֒→ X is the inclusion. By the preceding lemma and Proposition 5, the induced dg functor on twisted complexes T wP : T wOpen(X) → Sh(X) is a quasi-equivalence.
Smooth boundaries.
In what follows, we explain how to calculate morphisms in Open(X) using open sets with smooth transverse boundaries. To do this, we will need to make choices of perturbation data. It will be clear that the choices range over a contractible set, and that they can be made compatibly for any finite collection of objects.
Recall that the complex of morphisms from an object U 0 = (U 0 , m 0 ) to an object
Our reinterpretation of this will be a complex not only quasi-isomorphic to it but in fact isomorphic to it.
First, fix a Whitney stratification S 0 of X compatible with the boundary ∂U 0 ⊂ X, and let Λ S 0 ⊂ T * X be the conical conormal set associated to S 0 . By Lemma 2, there is
Lemma 4. For η 1 ∈ (0, η 1 ), there is a compatible collection of identifications
which are the identity on U 0 ∩ X m 1 ≥η 1 .
Proof. By construction, there are no Λ S 0 -critical points of the map
For η 1 ∈ (0, η 1 ), we may construct a compatible collection of diffeomorphisms
by integrating an appropriate collection of vector fields. Thus by the Thom isotopy lemma, we may lift these diffeomorphisms to obtain identifications
Since S 0 is compatible with ∂U 0 , the constructed identifications respect the pairs.
Next, for any η 1 ∈ (0, η 1 ), fix the Whitney stratification S η 1 of X given by the hypersurface X m 1 =η 1 and its complement, and let Λ Sη 1 ⊂ T * X be the conical conormal set associated to S η 1 . By Lemma 2, there is η 0 > 0 such that there are no Λ Sη 1 -critical values of m 0 in the open interval (0, η 0 ).
which are the identity on X m 0 ≥η 0 ∩ X m 1 ≥η 1 .
Proof. The argument is similar to that of the previous lemma. By construction, there are no Λ Sη 1 -critical points of the map
For η 0 ∈ (0, η 0 ), we may construct a compatible collection of diffeomorphisms
Since S η 1 is compatible with X m 1 =η 1 , the constructed identifications respect the pairs.
Putting together the two previous lemmas, we obtain a compatible collection of identifications 
In what follows, we will use this reinterpretation of morphisms of Open(X).
Morse theory.
In the previous discussion, we have constructed a dg functor
such that P identified Sh(X) as a triangulated envelope of Open(X). In this section, using Morse theory, we define an A ∞ -category Mor(X) and an A ∞ -functor
which is a quasi-equivalence.
In this section, to simplify the exposition, we assume here that X is oriented, and leave the general case to the reader. 4.6.1. Manifolds with corners. We begin by recalling some standard material from Morse theory. We first discuss some general facts for an arbitrary open subset W ⊂ X, then specialize to the case where the closure W ⊂ X is a manifold with corners.
Let W ⊂ X be an open subset. Let f : W → R be a function which extends to a small neighborhood of the closure W ⊂ X such that all critical points of the extension are nondegenerate and lie in W . Let Cr(f ) ⊂ W denote the set of critical points, and let i(x) denote the index of x ∈ Cr(f ). Our convention is that a local minimum has index 0, and a local maximum has index dim X.
Fix a Riemannian metric g on X, and let ∇f denote the gradient vector field. Let W ⊂ W × R be a maximal domain for the the gradient flow ψ t :W → W . For each w ∈ W , the fiber ofW above w is an open (possibly unbounded) interval. For each x ∈ Cr(f ), define the stable and unstable manifold
Implicit in the definition is that for w ∈ W to lie in a stable or unstable manifold, the fiber ofW above w contains the appropriate half-line. An orientation ω Now we specialize to the case when the closure W ⊂ X is a manifold with corners. To be precise, consider the quadrant
We assume that for each
Furthermore, we assume that there are two smooth transverse hypersurfaces
We will need the following notion of when a function f on a manifold with corners W ⊂ X and a Riemannian metric g on X are compatible.
where f is a function on a neighborhood of W , and g is a Riemannian metric on X is said to be directed if the gradient vector field ∇f is inward pointing along H 0 and outward pointing along H 1 .
With the above setup, if we have a directed pair (f, g), then for each x ∈ Cr(f ), the stable manifold W − x and unstable manifold W + x are diffeomorphic to balls of dimension i(x) and dim X − i(x) respectively. Furthermore, the closures of the stable and unstable manifolds satisfy W
Morse moduli spaces. We next recall the moduli space of gradient trees from Fukaya-Oh [8] .
A based metric ribbon tree is a quadruple (T, i, v 0 , λ) of the following data. First, T is a finite tree with d + 1 end vertices and no vertex containing exactly two edges. Second,
2 is an embedding of T in the closed unit disk such that the d + 1 end vertices are precisely the intersection i(T ) ∩ ∂D. Third, v 0 is a distinguished end vertex of T . We refer to v 0 as the root vertex, and the other d end vertices as the leaf vertices. An edge e ⊂ T is called an interior edge if e does not contain an end vertex, otherwise e is called an exterior edge. Finally, λ is a function which assigns to every interior edge e in ⊂ T a positive length λ(e in ) ∈ R + . Two based metric ribbon trees are to be considered equivalent if there is an isotopy of the closed disk which identifies all of the data.
Fix the orientation of the edges of T such that all arrows point in the direction of minimal paths from the leaf vertices to the root vertex. The left and right sides of an edge refer to the components of the complement D \ T which are respectively to the left and right of the edge with respect to the orientation of the edge. Label the d + 1 components of the complement D \ T with elements of Z/(d + 1)Z in counterclockwise order starting with 0 for the component to the left of the edge terminating at the root vertex v 0 . For an edge e ⊂ T , let ℓ(e) and r(e) denote the labelings of the left and right sides of e.
For i ∈ Z/(d + 1)Z, let U i ⊂ X be an open subset with boundary ∂U i ⊂ X a smooth hypersurface. Suppose that the boundaries ∂U i form a transverse collection of hypersurfaces. Let f i : U i → R be a function which extends to a small neighborhood of the closure U i ⊂ X. The difference f i+1 − f i is a function on the intersection U i ∩ U i+1 which extends to a small neighborhood of the closure U i ∩ U i+1 ⊂ X. Suppose the critical points of the extension of f i+1 −f i are nondegenerate and lie in U i ∩U i+1 . Suppose that we have chosen a Riemannian metric g on X such that each pair (f i+1 − f i , g) is directed. In other words, each gradient vector field ∇f i+1 − ∇f i points inward along the hypersurface ∂U i+1 and outward along the hypersurface ∂U i+1 .
With this setup, a gradient tree is a pair ((T, i, v 0 , λ), τ ) consisting of a metric ribbon tree (T, i, v 0 , λ), and a continuous map τ : T → X such that the following holds.
(1) For each end vertex v ∈ T , and the unique exterior edge e ext ∈ T containing it, we have
(3) For each exterior edge e ext ⊂ T , after making the identification e ext ≃ (−∞, 0], we have
Note that a single gradient tree alone contains the information of the images of the vertices, and the oriented gradient lines which are the images of the edges.
After a small perturbation of the data, the moduli space of gradient trees
with specified critical points is a manifold of dimension
Orientations of the stable manifolds of the differences f i+1 − f i induce a canonical orientation of the moduli space. For example, for d = 1, a single edge is the only based ribbon metric tree, and the moduli space M(T ; f 0 , f 1 ; x 0 , x 1 ) is the space of trajectories from x 0 to x 1 with orientations. 4.6.3. Morse A ∞ -category. Following Fukaya-Oh [8] , we define an A ∞ -category Mor(X) as follows. As with Open(X), the objects of Mor(X) are pairs U = (U, m) where U ⊂ X is an open set, and m : X → R is a defining function for the complement X \ U. To this data, we associate the function f : U → R defined by f = log m.
To define the morphisms from an object U 0 = (U 0 , m 0 ) to an object U 1 = (U 1 , m 1 ), we will associate to them a directed pair and assign its Morse complex. To ensure that we may find a directed pair, we must refine the procedure summarized in Section 4.5.
First, fix a Whitney stratification S 0 of X compatible with the boundary ∂U 0 ⊂ X, and let Λ S 0 ⊂ T * X be the conical conormal set associated to S 0 . By Lemma 2, there is η 1 > 0 such that there are no Λ 0 -critical values of m 1 in the open interval (0, η 1 ) .
Next, for any η 1 ∈ (0, η 1 ), fix the Whitney stratification S η 1 of X given by the hypersurface X m 1 =η 1 and its complement, and let Λ Sη 1 ⊂ T * X be the conical conormal 
Here the fraction notation reflects the fact that the two covectors are colinear so differ by a scalar. This bound will guarantee that we may choose a Riemannian metric on X such that the gradient ∇f 1 − ǫ 0 ∇f 0 is inward pointing along X m 1 =η 1 . Next, we need to choose η 0 > 0 small enough so that we may choose a Riemannian metric on X such that the gradient ∇f 1 −ǫ 0 ∇f 0 is outward pointing along X m 0 =η 0 . Note that the values of df 1 along the compact hypersurfaces X m 1 =η 1 are bounded. Furthermore, the values of df 0 along the compact hypersurface X m 0 =η 0 tend uniformly to infinity as η 0 tends to zero. Thus for any η 0 > 0 small enough, and any point x ∈ X m 0 =η 0 where dm 0 and dm 1 are colinear, we have
In conclusion, for a sequence of sufficiently small choices η 1 > 0, then ǫ 0 > 0, then η 0 > 0, we have the following result.
Lemma 6. There is a Riemannian metric g on X such that (f 1 − ǫ 0 f 0 , g) is a directed pair on the manifold with corners X m 0 ≥η 0 ,m 1 ≥η 1 .
Proof. The construction of the metric can be done locally using the bounds of the above procedure.
Finally, we choose small perturbations of our functions and metric, and define the space of morphisms to be the graded vector space generated by critical points
The differential counts the oriented number of points in the moduli spaces of gradient trees m
By construction, the morphism complex (hom M or(X) (U 0 , U 1 ), µ 1 M or(X) ) calculates the relative cohomology
To define the higher compositions, for a finite collection of objects, we must follow the above procedure sequentially. What we need is summarized in the following definition. 
In Section 6, we will carefully explain in the context of the Fukaya category of T * X how to arrive at such a collection. The procedure described there is modestly more complicated, but strictly contains what is needed here. Therefore we will not pursue further details here, but only mention the following salient points.
Given a collection of objects indexed by i ∈ Z/(d+1)Z, for any sequence of sufficiently small choices ǫ i > 0 and η i > 0, one may arrange for the perturbed boundaries X m i =η i to form a transverse collection. Furthermore, one may sequentially obtain bounds on the differentials df i along the perturbed boundarues. Together this allows one to find dilations and a Riemannian metric on X such that all dilated pairs are directed. After performing small perturbations, the higher composition maps count the oriented number of points in the moduli spaces of gradient trees
Proposition 6. The maps µ d M or(X) satisfy the A ∞ -quadratic composition rule. Proof. To see this, one need only compactify the appropriate one-dimensional moduli space of gradient trees. This is no different from the standard context [6] using the fact that we work with directed pairs.
In conclusion, it is worth commenting about the choices involved in the construction of Mor(X). For a collection of objects indexed by i ∈ Z/(d + 1)Z, there are the small choices of constants η i > 0 to obtain smooth boundaries and ǫ i > 0 to dilate functions. These may be organized into a contractible "fringed set" as discussed in Section ??. In addition, there is the choice of a Riemannian metric to obtain directed pairs. While not a perturbation in any sense, such metrics form a convex set. Finally, there are the small perturbations of the functions and metric. This is no different from the standard context.
4.6.4.
From differential forms to Morse theory. Following Kontsevich-Soibelman [17] , we apply here the formalism of homological perturbation theory to obtain an A ∞ -functor
which is a quasi-equivalence. We will apply the formalism in the special case of an idempotent. The construction of the idempotent and the homotopy is completely analogous to that of Kontsevich-Soibelman: one composes the limit operators of Harvey-Lawson [13] with a smoothing operator. To explain this, we return to the general context of a submanifold with corners W ⊂ X and boundary hypersurfaces H 0 , H 1 ⊂ ∂W with which we began this section.
Let 
where the stable and unstable manifolds are given compatible orientations. Define the homotopy operator h :
where Γ ψt ⊂ X × X denotes the graph of the gradient flow ψ t . Then we have the equation of operators p − i = dh + hd. Now to obtain an honest idempotent π and homotopy operator T on Ω(W, H 0 ), we need only compose with a smoothing operator D ′ (W, H 0 ) → Ω(W, H 0 ). The details of this are no different from the case considered by Kontsevich-Soibelman.
Applying the formalism of homological perturbation theory, and recognizing that it coincides with counting gradient trees, we obtain an A ∞ -functor
The Fukaya category
The Fukaya A ∞ -category F uk(M) of a symplectic manifold M is a quantization of the Lagrangian intersection theory of M. Roughly speaking, its objects are Lagrangian submanifolds and its morphisms are generated by intersection points of the Lagrangians. Its composition maps are defined by choosing a compatible almost complex structure, and counting holomorphic polygons with boundary lying on the Lagrangians.
2 For example,
in the product p 0 · p 1 is the number of holomorphic maps to M from a disk with three marked boundary points mapping to the intersection points and with the arcs between them mapping to the Lagrangians.
To this coarse description there are many details, refinements, and specializations for various settings. In this paper, we will use a composite picture of the treatments from Eliashberg-Givental-Hofer [5] , Fukaya-Oh-Ohta-Ono [7] , and Seidel [23] . Our symplectic manifold is the cotangent bundle M = T * X of a compact real analytic manifold X. We equip T * X with the exact symplectic form ω = dθ, where θ is the canonical one-form
with π : T * X → X the standard projection. For any choice of Riemannian metric on X, the associated Levi-Civita connection provides a compatible almost complex structure on T * X, along with a canonical (Sasaki) Riemannian metric on T * X. In what follows, we focus on the aspects of our situation which deviate from what is by now standard in the subject. All of these differences stem from the fact that we will allow closed but noncompact Lagrangians.
In our discussion, we often use the following notation: given a space Y , a function g : Y → R, and r ∈ R, we write Y g=r for the subset {y ∈ Y |g(y) = r}, and similarly for inequalities. 
≥0 (X)
′ by dilations. The quotient
equipped with the obvious projection π : T * X → X provides a relative compactification of π : T * X → X. We have the canonical inclusion T * X ֒→ T * X which sends a covector ξ to the class of 1-jets [ξ, 1], and we refer to this inclusion implicitly whenever we consider T * X as a subset of T * X. The divisor at infinity This identifies T * X with the closed unit disk bundle, and T ∞ X with its unit sphere bundle. Note that such a trivialization can not be made equal to the canonical trivialization of O(−1) over the open subset T * X. By working with a spherical compactification rather than a projective compactification, we pay the price of dealing with a manifold with boundary. But we choose this approach because we will encounter objects on T ∞ X which are not invariant under the antipodal involution.
The pull-back of θ to J ∞ as an honest contact form. Equivalently, by choosing a sphere bundle S * X ⊂ T * X, we may identify θ ∞ with the restriction of θ to S * X. If we do not fix such identifications, we still have a well-defined contact structure ker(θ ∞ ) ⊂ T T ∞ X, and a well-defined notion of positive normal direction. This positive direction is an example of a structure on T ∞ X which is not invariant under the antipodal map.
Geodesic flow. Given a function H : T
* X → R, we have the Hamiltonian vector field v H defined by
When possible, integrating v H provides a Hamiltonian isotopy ϕ H,t : T * X → T * X. A Riemannian metric on X provides an identification T * X ≃ T X. The canonical one-form θ on T * X corresponds to the geodesic vector field v θ . On the complement of the zero section T * X \ X, we have the normalized geodesic vector fieldv θ = v θ /|v θ |. It is the Hamiltonian vector field for the length function H : T * X \ X → R given by H(x, ξ) = |ξ|. We write γ t : T * X \ X → T * X \ X for the normalized geodesic flow for time t associated tov θ . By definition, if we identify a covector (x, ξ) ∈ T * X with a vector (x, v) ∈ T X, then we have the identity
where the map exp x,t : T x X → T X denotes the exponential flow from the point x for time t. Since v θ grows at infinity, the flow does not have a well-defined limit. Butv θ extends to give the Reeb flow on the contact manifold at infinity T ∞ X. A function H : T * X → R is said to be controlled if there is a compact set K ⊂ T * X such that outside of K we have H(x, ξ) = |ξ|. The corresponding Hamiltonian isotopy ϕ H,t : T * X → T * X equals the normalized geodesic flow γ t outside of K. Note that for any controlled function H, the vector field v H may be integrated to a Hamiltonian isotopy ϕ H,t , for all time t.
Lagrangians. Fix an analytic-geometric category C.
Lemma 7. For any C-subset V ⊂ T * X, there exists r > 0 such that |ξ| has no critical points on V ∩ T * X for |ξ| ≥ r.
Proof. The critical values of 1/|ξ| are a discrete C-subset of R.
Lemma 8. Let W be a compact space, and let V ⊂ T * X be a subset such that |ξ| has no critical points on V for |ξ| ≥ r. Then any map W → V is homotopic in V to a map W → V |ξ|<r Proof. By the Thom isotopy lemma, we may use the gradient of |ξ| to flow the image of the map W → V .
A subset V ⊂ T * X is said to be conical if it is invariant under the action of R + by fiberwise dilations.
Proof. The one-form θ may be obtained from the symplectic form ω by contracting with the Liouville vector field v θ . The action of R + by dilations is generated by v θ .
As long as we assume that V ⊂ T * X is a C-subset, we have the following very general result.
Proof. Consider the specialization to the normal cone N ∞ X of T * X along T ∞ X. Although this is not a symplectic family, the notion of isotropic subspace makes sense in each fiber. Let C ⊂ N ∞ X be the limit of V ⊂ T * X under this specialization. We claim that C is a conical isotropic subset of N ∞ X such that C ∩ T ∞ X = V ∩ T ∞ X. If we can show this, then we are done by the previous lemma. The only part which is not immediate is that C is isotropic. To see this, choose a Whitney stratification of the deformation from V to C. Then the Whitney condition and the fact that being Lagrangian is a closed condition together imply the assertion: the tangent spaces of the limit V ∩ T ∞ X are contained in the limits of isotropic tangent spaces.
We will need to separate θ ∞ -isotropic subsets of T ∞ X using the normalized geodesic flow (Reeb flow). To organize this, we use a variant of the notion of a fringed set from [11] . To define what a fringed set R d+1 ⊂ R d+1 + is, we proceed inductively. A fringed set R 1 ∈ R + is any interval of the form (0, r) for some r > 0. A fringed set R d+1 ∈ R d+1 + is a subset satisfying the following:
It is easy to check that fringed sets as defined here are contractible.
Then there is a fringed set R d+1 ⊂ R d+1 such that for (δ 0 , . . . , δ d ) ∈ R, the normalized geodesic flow (Reeb flow) separates the subsets
Proof. We prove the assertion by induction. For d = 0, there is nothing to prove. Suppose we know the assertion for d−1 and seek to establish it for d.
It suffices to show that there is
Suppose this were not true. Then by the curve selection lemma (Lemma 2), there is a
is in the kernel of θ ∞ and we arrive at the conclusion θ ∞ (γ ′ (α(0))) = 0.
But this quantity is nonzero since γ ′ is the Reeb vector field on T ∞ X.
Exact Lagrangians.
A Lagrangian i : L ֒→ T * X is said to be exact if the restriction i * θ is exact.
Lemma 12. Let L ⊂ T * X be a Lagrangian, Σ a compact Riemann surface with boundary ∂Σ, and u : (Σ, ∂Σ) → (T * X, L) a holomorphic map. Let Area(u) denote its area. Then, Proof. Holomorphic maps are calibrations for ω, so Area(u) = Σ u * ω. The first assertion follows from noting that if γ 1 and γ 2 are homotopic loops in L and S ⊂ L satisfies ∂S = [
To prove the second, for p = (x, ξ) ∈ T * X, let ǫp denote the point (x, ǫξ). Then note θ| ǫp (ǫv) = ǫθ| p v. The third claim follows from exactness:
Lemma 13. Let L ⊂ T * X be an exact Lagrangian. For all 0 < r 0 < r 1 , there is a timedependent Hamiltonian function H t : T * X → R with associated Hamiltonian isotopy ϕ t : T * X → T * X satisfying the following.
(1) For |ξ| > r 1 , ϕ t is the identity.
(2) The restriction of dH t to ϕ t (L |ξ|<r 0 ) equals θ.
Proof. Since L is a C-subset of T * X, we may choose a small neighborhood N ⊂ T * X which is homotopy equivalent to L. Since L is exact, there exists a function h 0 : N → R such that dh 0 = θ| N . Extend h 0 to all of T * X by choosing a bump function which is identically one in a smaller neighborhood of L and identically zero outside of N. For t ∈ R, define h t : T * X → R to be the composition h t = h 0 • d t where d t : T * X → T * X denotes the dilation d t (x, ξ) = (x, exp(t)ξ). Choose a bump function which is identically one for |ξ| < r 0 and identically zero for |ξ| > r. Then the function H t which is the product of h t and the bump function has the desired properties.
Standard Lagrangians.
Let Y ⊂ X be a submanifold. The conormal bundle T * Y X ⊂ T * X is homotopic to its zero section Y , and thus is an exact Lagrangian, since θ is identically zero on the zero section X.
Given a function f : Y → R, we write Γ df ⊂ T * X for the graph of the differential of f . Given a defining function m : X → R for the boundary ∂Y ⊂ X, we consider f : Y → R given by f = log m and define the standard Lagrangian L Y,f ⊂ T * X to be the fiberwise sum Proof. Since L Y,f is a C-subset of T * X, we may choose a small neighborhood N ⊂ T * X of it on which f • π is well-defined. Using a bump function, we may extend this to a Hamiltonian function on all of T * X. It is easy to check that the associated Hamiltonian isotopy moves L Y,f as desired.
Brane structures.
In order to define a Fukaya category of a symplectic manifold M, one needs a grading on the Lagrangian intersections and orientations of the relevant moduli spaces of holomorphic disks. (Alternatively, one could be satisfied with an ungraded version of the Fukaya category with characteristic 2 coefficients.) Topological obstructions to these structures come from the bicanonical bundle of M, and the Maslov class and second Stiefel-Whitney class of Lagrangians. In this section, we show these obstructions vanish for M = T * X and the Lagrangians of interest, assuming X is pin. In what follows, we always work with the canonical exact symplectic structure on T * X, and the compatible almost complex structure induced by a Riemannian metric on X.
Bicanonical line.
The almost complex structure on T * X allows us to define the holomorphic canonical bundle
In order to compare the squared phase of Lagrangian subspaces at different points of T * X, we need a homotopy class of trivializations of the bicanonical bundle κ ⊗2 .
Proposition 7.
The bicanonical bundle κ ⊗2 of T * X is canonically trivial.
Proof. Since the zero section X is a deformation retract of T * X, it suffices to see κ ⊗2 | X is canonically trivial. At the zero section, T T * X has a canonical splitting into vertical and horizontal spaces,
where we have identified the cotangent bundle with the tangent bundle using the metric, and identified the normal directions with the imaginary directions using the compatible almost complex structure. As a result,
and we see
where or X is the orientation line bundle. Thus κ is trivializable if and only if X is orientable, and κ ⊗2 is canonically trivial for any X.
Remark 2. In general, trivializations of a complex line bundle over a space X form a torsor over the group of maps X → C * . Homotopy classes of trivializations form a torsor over the group H 1 (X, Z).
5.3.2.
Grading. Let η 2 be the canonical trivialization of κ ⊗2 , and let Lag T * X → T * X be the bundle of Lagrangian planes. We have the squared phase map
For a Lagrangian L ⊂ T * X and a point x ∈ L, we obtain a map α :
where dt is the standard one-form on U(1). Thus α has a lift to a map α : L → R if and only if µ = 0. Such a lift is called a grading of the Lagrangian.
Remark 3. Choices of gradings of a Lagrangian L form a torsor over the group H 0 (L, Z).
Next we check that our standard Lagrangians have canonical gradings. Recall that to a submanifold Y ⊂ X, and a defining function m : X → R for the boundary ∂Y ⊂ X, we have the standard Lagrangian
where f : Y → R is given by f = log m.
Proof. Since L Y,f is canonically Hamiltonian isotopic to T * Y X, it suffices to check that the squared phase of T * Y X is identically constant. This is an easy local calculation using the trivialization of the bicanonical bundle of the previous section. Explicitly,
be an orthonormal frame field for X along Y extending an orthonormal frame
is a unitary frame for T * X and 
5.3.3.
Pin structure. By definition, a pin structure on a manifold N is a reduction of the structure group of T N to the pin group. The obstruction to a pin structure is the second Stiefel-Whitney class w 2 (N) ∈ H 2 (N, Z/2Z), and choices of pin structures form a torsor over the group H 1 (N, Z/2). We check that our standard Lagrangians have canonical pin structures when X itself is endowed with a pin structure. Recall that to a submanifold Y ⊂ X, and a defining function m : X → R for the boundary ∂Y ⊂ X, we have the standard Lagrangian
Proposition 9. Assume X has a pin structure. Then the second Stiefel-Whitney class
Proof. Since L Y,f is canonically diffeomorphic to T * Y X, it suffices to check the assertion for T * Y X. There is a canonical homotopy class of isomorphisms between the restriction T T * Y X| Y and the restriction T X| Y . Thus by assumption, we have the desired pin structure.
5.3.4.
Definition of brane structures. Finally, we have the definition of a brane structure on a Lagrangian.
Definition 3 ([23]).
A brane structure b on a Lagrangian submanifold L ⊂ T * X is a pair b = ( α, P ) where α : L → R is a lift of the squared phase map, and P is a pin structure on T L.
We have seen in the above discussion that our standard Lagrangians come equipped with canonical brane structures. We refer to a standard Lagrangian equipped with its canonical brane structures as standard branes.
Definition of Fukaya category.
In this section, we define the Fukaya A ∞ -category F uk(T * X). General foundations are taken largely from [23] , and we restrict the discussion here to issues arising from noncompact Lagrangians. We assume X is a compact, Riemannian, real analytic pin manifold, and equip T * X with its canonical exact symplectic structure and associated almost complex structure. Throughout what follows, we fix an analytic-geometric category C and assume all subsets are C-subsets unless otherwise noted.
Objects.

Definition 4. Objects of F uk(T
on L, and E → L is a vector bundle with flat connection.
Our definition follows Seidel [23] , so the Lagrangians are pin. This is a slightly more restrictive condition than the relatively spin condition of [7] . When circumstances are clear, we often refer to an object of F uk(T * X) by its corresponding support Lagrangian We refer to a standard Lagrangian equipped with the trivial one-dimensional local system and its canonical brane structure as a standard object.
We have defined the objects from the point of view of the compactified cotangent bundle T * X in order to give a clean definition of the Lagrangians of interest. Requiring L to be a C-subset of T * X excludes various types of behavior near infinity T ∞ X. For example, with our definition, we can not have infinitely many intersection points (as might occur for a helix on T * S 1 ). Although we rule this out from the beginning, certain theories of the Fukaya category on T * X allow such behavior. Note that we use T * X as a topological compactification, but not as a symplectic compactification. From the point of view of constructing moduli spaces (see below), our Lagrangians are noncompact.
5.4.2.
Morphisms. To define the morphisms between two objects, we need to choose Hamiltonian isotopies to move their underlying Lagrangians so that they do not intersect at infinity, and have transverse intersections in finite space. As usual, the intersections will depend on the choice of isotopies, but in a homotopically manageable way. First, we explain here a broad class of isotopies which provide a consistent topological form for the intersections of our Lagrangians. In the next section, we explain a more restricted class of isotopies which guarantee that we may use moduli spaces of holomorphic disks to define composition maps. We refer the reader to Seidel [23] for a discussion of how to organize all of the perturbation information and obtain a well-defined A ∞ -category. Recall that a Hamiltonian function H : T * X → R is said to be controlled if there is a compact set K ⊂ T * X such that outside of K we have H(x, ξ) = |ξ|. The corresponding Hamiltonian isotopy ϕ H,t : T * X → T * X equals the normalized geodesic flow γ t outside of K. By Lemma 11, for Lagrangians L 0 , L 1 ⊂ T * X, we may choose controlled Hamiltonian functions H 0 , H 1 and a fringed set R ⊂ R 2 such that for (δ 0 , δ 1 ) ∈ R, there is r > 0 such that
and the intersection is transverse. Suppose we consider objects of F uk(T * X) to come equipped with such data. Then we may make the following definition.
Definition 5. For objects L 0 , L 1 of F uk(T * X), the space of morphisms is defined to be
The integer deg(p) denotes the Maslov grading of the intersection.
The differential on the complex of morphisms will be defined below along with all of the higher composition maps.
Holomorphic disks.
The composition maps of the Fukaya A ∞ -category are defined by counting points (with orientations) in appropriate moduli spaces of holomorphic maps. To ensure that the moduli spaces are well-behaved, one must consider further perturbations as described by Seidel [23] . One must choose Floer perturbation data consisting of a time-dependent Hamiltonian function and almost complex structure deformation, both of which are trivial outside a compact set. One must also choose perturbation data on the Riemann surfaces to be mapped.
At the same time, we must check that the moduli spaces are compact. This is delicate due to the fact that our Lagrangians are not necessarily compact. To have compact moduli spaces requires the removability of singularities, which itself relies on certain isoperimetric inequalities for holomorphic curves. For the case of closed Riemann surfaces and no Lagrangians, "tameness" ensures compactness, and T * X with ω = dθ is always tame. But for the Lagrangian boundary case, one typically imposes certain conditions on the Lagrangian submanifolds themselves. Sufficient tameness conditions for compact moduli spaces have been derived in [25, 2] . They require a two-point condi- , y) , and that the set of points y ∈ L with d L (x, y) ≤ R L is contractible. Our Lagrangian submanifolds do not necessarily satisfy these conditions.
3
To ensure that we have compact moduli spaces, we must impose further conditions on our Hamiltonian isotopies so that sequences of holomorphic maps remain in bounded regions. Our strategy relies on the fact that in a compact region our Lagrangians are tame, allowing us to import a monotonicity bound from [25] .
where m is a positive function on U which vanishes on ∂U. If we put U = U + ∪ U − , where y > 0 on U + and y < 0 on U − , then on U + we have m = m + = y(x 2 − y), while on U − we have m = m − = −y(x 2 + y). One verifies that the two sequences p
Now it is easy to produce a compact surface X with a connected set V locally isometric to (R 2 , U ) near the origin, with a defining function m V and Lagrangian L = Γ d log mV ⊂ T * X such that the points in L corresponding to p ± n are bounded by a finite distance within L. Such examples can arise in our definition of F uk(T * X).
Lemma 15. Let L ⊂ T * X be Lagrangian. For all r 2 > r 1 > 0 there exists a constant a = a(r 1 , r 2 , L r 1 <|ξ|<r 2 ) > 0 such that for all holomorphic maps u : (D, ∂D) → (T * X, L), with u(D) ∩ {|ξ| ≤ r 1 } and u(D) ∩ {|ξ| ≥ r 2 } nonempty, we have Area(u(C)) > a.
Proof. We note that the open, but incomplete manifold Y = {r 1 < |ξ| < r 2 } ⊂ T * X with induced almost complex structure is essentially tame since the ambient manifold T * X is tame. (It is not technically tame as it is incomplete near its boundary, but this will not affect the argument.) Also, the Lagrangian W = L r 1 <|ξ|<r 2 ⊂ Y is tame by virtue of being a compact C-set. In particular, there exists ρ = ρ W (r 1 , r 2 , W ) > 0 and C = C W (r 1 , r 2 ) such that
• If p and q are two points on W with distance in Y less than ρ, then their distance in W (with respect to the induced metric) is less than 
Setting a = C(W )R 2 and noting Area(u) ≥ Area(v) ≥ a, the lemma is proven. Now for i = 0, . . . , d, let L i ⊂ T * X be exact Lagrangians, and let L = ∪ i L i be their union. By Lemma 7, there is r > 0 such that |ξ| has no critical points on L for |ξ| ≥ r. Let u : (D, ∂D) → (T * X, L) be a holomorphic map from the disk. By Lemma 8, the restriction u| ∂D is homotopic in L to a map lying in |ξ| < r. By Lemma 12, Area(u(D)) may be calculated in terms of u| ∂D , and scales linearly with dilation. Choose r 2 > r 1 > r and apply the previous lemma to any holomorphic maps satsifying the hypotheses to obtain an area lower bound a. Now by Lemma 13, we may further dilate L |ξ|<r close to the zero section while not moving it in the region |ξ| > r 1 . Thus without affecting a, we may assume that any holomorphic disks with boundary on L have area less than a. Thus there can not be any holomorphic disks satisfying the hypotheses of the previous lemma. We see that all holomorphic disks with boundary on L lie in the compact region |ξ| < r 2 . Thus moduli spaces of holomorphic disks with boundary on L must have Gromov compactifications.
5.4.4.
Composition maps. Now we are ready to define the composition maps of the Fukaya A ∞ -category F uk(T * X). Let L 0 , . . . , L d be a finite collection of objects of F uk(T * X). By Lemma 11, we may choose controlled Hamiltonian functions H i : T * X → R, for i = 0, . . . , d, and a fringed set R ⊂ R d+1 such that for (δ 0 , . . . , δ d ) ∈ R, there is r > 0 such that
and the intersections are transverse. As discussed in the previous section, we may arrange for the isotopies to be chosen so that after choosing further perturbation data we have compact moduli spaces. Suppose we consider objects of F uk(T * X) to come equipped with such data. Note that the fringed set at infinity adds only a contractible space of perturbation data to the "usual" Floer theory perturbations having compact support.
The composition maps µ d F uk(T * X) are then defined by their structure constants: they count the signed number of holomorphic maps from a disk with d + 1 marked boundary points with the appropriate boundary conditions. Definition 6. Let L 0 , . . . , L d be objects in F uk(T * X). We define
) is defined to be the signed sum over holomorphic maps from a disk with d + 1 cyclically ordered marked points mapping to the p i and corresponding boundary arcs mapping to L i+1 . Each map contributes according to the holonomy of its boundary, where adjacent components L i and L i+1 are glued with p i .
By Lemma 12, there is no bubbling of spheres in the Fukaya category of an exact symplectic manifold. As a result, the Novikov coefficient rings employed to account for all possible areas of maps are unnecessary, and we content ourselves with simply counting the maps, with no weighting by areas. This simplifies the isomorphism of different perturbation data, since we need not keep track of the changes in the areas of disks as the intersection points move.
Embedding of standard objects
In this section we will construct an embedding of the Morse A ∞ -category Mor(X) into the Fukaya A ∞ -category F uk(T * X). The embedding relies on rather delicate and detailed perturbations of a collection of standard Lagrangians. After the necessary perturbations, we will be able to understand the moduli spaces of holomorphic polygons bounding our perturbed Lagrangians in terms of Morse theory via the theorem of Fukaya and Oh [8] .
The reason why perturbations do not affect A ∞ -composition maps is as follows. The moduli spaces defining the morphisms are oriented, zero-dimensional manifolds. This means that the homotopy defined by a one-parameter family of moduli spaces in the interval preserves the signed number of points. We exploit this fact implicitly in the following subsections, where we blithely perturb our Lagrangians without reference to this isomorphism. It is, of course, required that the spaces of admissible perturbations are connected, so that homotopies exist, and this is clear from the nature of the perturbations we perform.
6.1. Preliminaries. We recall here some of our conventions and notations concerning the geometry of the cotangent bundle π : T * X → X. Throughout what follows, we identify X with the zero section in T * X. We fix a Riemannian metric on X and the induced Sasaki metric on T * X. We write d X (x, y) for the distance between points x, y ∈ X. We often denote points of T * X by pairs (x, ξ) where x ∈ X, and ξ ∈ T * x X. Under the metric identification T * X ≃ T X, the canonical one-form θ on T * X corresponds to the geodesic vector field v θ . On the complement of the zero section T * X \ X, we have the normalized geodesic vector fieldv θ = v θ /|v θ |. It is the Hamiltonian vector field for the length function H : T * X \ X → R given by H(x, ξ) = |ξ|. We write γ t : T * X \ X → T * X \ X for the normalized geodesic flow for time t associated tov θ .
By definition, if we identify a covector (x, ξ) ∈ T * X with a vector (x, v) ∈ T X, then we have the identity γ t (x, v) = exp x,t (v) where the map exp x,t : T x X → T X denotes the exponential flow from the point x for time t. Note that for t sufficiently small -for example, less than half the injectivity radius of X -we have d X (π(x, ξ), π(γ t (x, ξ)) = t.
Given a stratification S = {S α } of X, we define the associated conical Lagrangian Λ S ⊂ T * X to be the union of conormals
Some notation: given a space Y , a function g : Y → R, and r ∈ R, we write Y g=r for the subset {y ∈ Y |g(y) = r}, and similarly for inequalities.
6.2. Variable Dilation. We will need to dilate a standard Lagrangian so that it is as close as we like to its associated conical Lagrangian. To achieve this in a controlled fashion, we must consider two regions: (1) a neighborhood of infinity where the Lagrangian is already close to its associated conical Lagrangian, and (2) a compact region where dilation of the standard Lagrangian is a Hamiltonian isotopy.
Let U ⊂ X be an open submanifold, with closure U ⊂ X, and boundary ∂U = U \ U. Fix a defining function m : X → R for the closed subset X \ U, and let f : U → R be the function f = log m. Let L ⊂ T * X be the standard Lagrangian given by the differential of f .
Lemma 16. For any
Proof. Immediate from the definitions.
Choose a stratification of X which refines the boundary ∂U ⊂ X, and let Λ ⊂ T * X denote the associated conical Lagrangian. For any ε ≥ 0, let N ε (Λ) ⊂ T * X denote the ε-neighborhood of Λ.
Lemma 17. For any ε > 0, there is ℓ > 0 such that In order to dilate the Lagrangian L, we consider the Hamiltonian flow ϕ D a,b ,t : T * X → T * X generated by the function D a,b :
The motion of the Lagrangian L under the flow ϕ D a,b ,t is given by the variable dilation
In particular, the Lagrangian ϕ H a,b ,t (L) continues to be a graph over U, and coincides with L over m ≤ a, and with exp(−t) · L over m ≥ b.
Lemma 18. For any ε > 0, there is b > 0 and δ > 0 such that for all a
Proof. By the previous lemmas, we may choose b > 0 so that
Since Λ is conical, ϕ D a,b ,t preserves N ε (Λ). Thus we need only choose δ > 0 so that
But L m≥b is a compact set, and Λ contains the zero section of T * X.
6.3. Separation. We discuss here how to perturb a standard Lagrangian near infinity. Namely, we show that near infinity we may separate it from a conical Lagrangian without disturbing its structure elsewhere. Let U ⊂ X be an open submanifold, with closure U ⊂ X, and boundary ∂U = U \ U. Fix a defining function m : X → R for X \ U, and let f : U → R be the function f = log m. Let L ⊂ T * X be the standard Lagrangian given by the differential of f . Let S = {S α } be any stratification of X, and let Λ S ⊂ T * X be the corresponding conical Lagrangian Λ S = ∪ α T * Sα X. Note that we do not assume that S has any relation to U or its boundary ∂U.
We say that x ∈ X is a Λ S -critical point of m if we have dm(x) ∈ Λ S . Note that for x ∈ U this is the same as df (x) ∈ Λ S since df = dm/m and Λ S is conical. We say that r ∈ R is a Λ S -critical value of m if there is a Λ S -critical point x ∈ X such that r = m(x). Proof. The Λ S -critical values of m form a discrete subset of R.
The following strengthening of Lemma 11 will simplify our perturbations, as we can choose the parameter η > 0 to be independent of sufficiently small δ > 0.
Lemma 20. There exist η > 0 and δ > 0 such that for all δ ′ ∈ (0, δ], the normalized geodesic flow satisfies
Proof. We prove the assertion by contradiction. So suppose it were false. First, recall that for all sufficiently small δ > 0, we have seen in Lemma 11 that
Thus by the previous lemma, if the assertion were false, then by the curve selection lemma, there exists a δ > 0, and a subanalytic curve
such that m(x(t)) → 0 as t → 0, and (after a possible reparamaterization) we have γ t (ℓ(t)) ∈ T * Sα X, for all t ∈ (0, δ), for some stratum S α (since there are finitely many strata).
Let κ(t) = (y(t), ζ(t)) ∈ Λ S denote the image curve ϕ t (ℓ(t)). Again by definition, if we identify the covector (x(t), ξ(t)) ∈ T * X with a vector (x(t), v(t)) ∈ T X, then we have ζ(t)(w) = exp x(t),tv (t), w = 0, for all t ∈ (0, δ), and w ∈ T yn S α .
Let x ′ (t) denote the tangent vector to the curve x(t). Since m(x(t)) → 0 as t → 0, we have the inequality
for t sufficiently small. On the other hand, observe that d X (x(t), y(t)) = t, so that
But in general, consider x, y ∈ X connected by a geodesic with tangent vector v x at x and v y at y. Then for any curves x(t), y(t) in X, with x(t 0 ) = x, y(t 0 ) = y, we have
In the case at hand, v x =v(t) and v y is its image under exp x(t),t . But we have seen that
Sα X, and also that x ′ (t 0 ), v x > 0. Thus we have
and we have arrived at a contradiction.
Fix positive numbers k < ℓ ∈ (0, ∞), and choose an increasing function g k,ℓ : R → R satisfying the following
Consider the Hamiltonian flow ϕ G k,ℓ ,t : T * X → T * X generated by the function G k,ℓ :
The flow ϕ G k,ℓ ,t is related to the normalized geodesic flow γ t by the formula
(recall |ξ| is constant under γ t ). In particular, ϕ G k,ℓ ,t is the identity when |ξ| ≤ k, and is equal to γ t when |ξ| ≥ ℓ.
We have the following reformulation of the previous lemma.
Lemma 21. There is k > 0 and δ > 0 such that for all ℓ
Proof. Immediate from the previous lemma and Lemma 16.
6.4. Perturbations. We are now ready to describe how to perturb a collection of standard Lagrangians. In what follows, let i denote an element of the index set Z/(d + 1)Z. Let U i ⊂ X be an open submanifold, with closure U i ⊂ X, and boundary ∂U i = U i \U i . Fix a defining function m i : X → R for the closed subset X \ U i , and let f i : U i → R be the function f i = log m i . Let L i ⊂ T * X be the standard Lagrangian given by the differential of f i . Choose a stratification of X which refines the boundary ∂U i ⊂ X, and let Λ i ⊂ T * X denote the associated conical Lagrangian. We will apply a sequence of Hamiltonian perturbations to the Lagrangians L i to put them in a good position. In order to satisfy the definition of the Fukaya category, the perturbations must be positive normalized geodesic flow near infinity. Furthermore, the amounts δ i > 0 of normalized geodesic flow with which we move the L i near infinity must satisfy
where R is some fringed set. Because of this requirement, we will work backwards through the collection perturbing the Lagrangians in the order L d , . . . , L 0 . Each of our perturbations will consist of two steps. (1) We will first variably dilate L i so that it becomes arbitrarily close to its associated conical Lagrangian Λ i . (2) We will then gently perturb it near infinity in the direction of positive geodesic flow. The first step will have three effects: (a) all of the intersections of the resulting Lagrangian with the previously perturbed Lagrangians will be near the zero section; (b) the height of the resulting Lagrangian will be less than that of the previously perturbed Lagrangians along certain critical contours; (c) intersections of the resulting Lagrangian with the associated conical Lagrangian of yet-to-be perturbed Lagrangians will be near the zero section. The second step will ensure that the first step is effective.
For each Lagrangian L i , we organize the discussion of its perturbation into four parts: (Intersections) We first collect the other Lagrangians whose intersections with L i must be either dilated close to the zero section, or perturbed away near infinity. (Dilation) The variable dilation to the zero section. (Separation) The small perturbation near infinity. (Conclusion) We finally organize the result so that we may proceed to the next Lagrangian.
Throughout, we fix a positive number h > 0. We begin with the last Lagrangian in the collection.
L d : (Intersections) Since there are no previously perturbed Lagrangians, our aim here is simpler than in general. Let Λ ≤d ⊂ T * X be the conical Lagrangian
To guarantee that intersections with the yet-to-be perturbed Lagrangians L j , for j < d, can be dilated close to the zero section T * X X, we must dilate the intersection
Therefore we may choose σ d > 0 such that the standard dilation satisfies
By compactness of the intersection and Lemma 16, we may choose η d > 0 so that
To truncate this dilation near infinity, choose positive numbers
(Separation) Next, we apply Lemma 21 to the dilated Lagrangian
At an arbitrary step, we proceed as follows.
L i : (Intersections) LetL >i ⊂ T * X be the union of the previously perturbed LagrangiansL >i = ∪ j>iLj . We would like to dilate the intersection withL >i close to the zero section T * X X. We will not be able to move this intersection closer than the intersectionL >i ∩ Λ i , but at least this intersection is already close by induction.
Let Λ ≤i ⊂ T * X be the conical Lagrangian
To guarantee that intersections with the yet to be perturbed Lagrangians L j , for j < i, can be dilated close to T * X X, we must dilate the intersection L i ∩ Λ ≤i close to T * X X. Let Λ >i ⊂ T * X be the union of conormals
To guarantee that there is not unmanageable behavior along the boundaries of the previously defined open setsŨ j , for j > i, we must dilate the intersection L i ∩ Λ >i close to T * X X.
We set
and so the intersection L i ∩L >i is also bounded. In addition, by Lemma 19, the inter-
Therefore we may choose σ i > 0 such that the standard dilation satisfies
Furthermore, for σ i > 0 sufficently large, we may arrange for
where M j denotes the maximum of the length | exp(−σ i ) · L i | in the region m i ≥ η i . By compactness of the intersections and Lemma 16, we may choose η i > 0 so that . Let M i be as above. We may choose k i > max{h, M i } and a function G k i ,ℓ i and an ǫ i > 0 such that
By following this procedure, we arrive at the following.
Proposition 10. The collection of LagrangiansL i , graphsΓ i , and open setsŨ i satisfies the following.
Proof. The last assertion is the only part left to check. By construction, the collection of boundaries ∂Ũ i are transverse. To see (Ũ i ,Γ i ) is transverse, we need only check that there is a metric for which the corresponding difference vector fields point in the appropriate inward and outward directions. Such a metric may be constructed locally wherever the level sets of the defining functions are transverse. By construction, at any places where transversality fails, the relative sizes of the vector fields have been arranged to allow for a metric to be constructed. 6.5. Relation to Morse Theory. For a compact Lagrangian L, Piunikhin, Salamon and Schwarz [21] established an isomorphism between the ordinary cohomology H * (L) and the Floer cohomology H * F (L, L). Fukaya and Oh [8] extended this to an identification of the Morse and Fukaya A ∞ -category of L by establishing an oriented diffeomorphism of the moduli spaces of gradient trees and holomorphic polygons involved in the definition of the higher composition maps. In this section, we adapt the approach of Fukaya and Oh to prove an A ∞ -equivalence of Morse and Fukaya A ∞ -categories for all standard objects, not just the zero section. To do this, we first recall the theorem of Fukaya and Oh in its original form (with notation modified to agree with ours), then adapt our situation to fit the hypotheses of their result.
Fukaya-Oh Theorem ( [8] ). Let (X, g) be a Riemannian manifold, and let J g be the canonical almost complex structure on T * X. Let f = (f 0 , ..., f d ) be a generic collection of functions on X, and let Γ = (Γ df 0 , ..., Γ df d ) be the graphs of their differentials. For sufficiently small ǫ > 0, there is an oriented diffeomorphism between the Morse moduli space of gradient trees of ǫf and the Fukaya moduli space of pseudoholomorphic disks bounding the Lagrangians ǫΓ.
Recall that Proposition 10 of the preceding section provides a perturbed collection of standard objectsL = (L 0 , . . . ,L d ) of F uk(T * X), and a transverse collection of objects
of Mor(X), where Γ df i = Γ i . We can not apply the theorem directly to these collections for several reasons: the perturbed LagrangiansL i are noncompact; they are no longer graphs; and the functionsf i are defined only on the open setsŨ i . Instead, to see that these collections have diffeomorphic moduli spaces, we will pursue the following indirect strategy.
(1) First, find an area lower bound a i > 0 for any holomorphic disk having a boundary component lying on some ǫL i and passing from the inside to the outside of a regionS i . In doing so, it is of crucial importance that the regionS i is invariant under dilations. (2) Next, variably dilate theL i so that the areas of the maps determined by the given intersection points is smaller than each a i . (3) Next, modify each L i outside ofS i so that it is now a graph G i over the whole base X. This does not affect the holomorphic disks of interest, since they cannot escape to the outsides ofS i , by the previous step. (4) Then, simultaneously dilate the collection G so that the Fukaya-Oh theorem applies. (5) Finally, it remains to check that the subspaces of holomorphic maps and gradient trees with marked points in our original collections coincide under this diffeomorphism. This will follow from the fact that the Fukaya-Oh construction is local, the boundaries of such holomorphic maps cannot pass through the regionsS i , and we have not altered our Lagrangians there. We now implement this strategy.
Recall that for i ∈ Z/(d + 1)Z, by the construction of the preceding section, the set U i has the form X m i >η i for some η i > 0. Choose η Proof. The strategy is similar to the proof of Lemma 15. We note thatS i is essentially tame (though not complete) and that each Lagrangian ǫW = ǫ L i ∩S i is a compact C-subset. It follows that the numbers ρ(ǫ) and C(ǫ) defined as in the proof of Lemma 15 are finite and positive. Further, these functions are continuous in ǫ and have positive values at ǫ = 0, where W is simply the zero section. Therefore, as Sikorav derives in [25] an area bound a i (ǫ) as a continuous and positive function of ρ(ǫ), C(ǫ) over the whole range 0 ≤ ǫ ≤ 1, we may set a i = min{a i (ǫ)}.
After a further variable dilation (similar to that described in Section 6.2), we may assume that the area of any holomorphic map with boundary on L is less than the minimum a = min i a i . Now for i ∈ Z/(d+1)Z, choose any extension ofΓ i to a compact Lagrangian G i ⊂ T * X that is a graph over all of X. Such an extension exists by the existence of bump functions. Applying the Fukaya-Oh theorem to the collection G = (G 0 , . . . , G d ) , we obtain ǫ > 0 such that we have an identification of moduli spaces for the dilation of the collection by ǫ. By the area bound derived above, for any gradient tree of the collection ǫf , the boundary of the corresponding holomorphic map lies inK. Thus applying a variable dilation, we see that the identification of the Fukaya-Oh theorem restricts to give an identification for our noncompact collections.
As a result, we know that after rescaling by ǫ, the A ∞ morphisms of a given collection of objects are the same, as they are defined by equivalent moduli spaces. As discussed at the beginning of this section, zero-dimensionality and orientedness of the moduli spaces gives equivalent A ∞ -structures for perturbations. We thus arrive at our desired result: Theorem 2. There is an A ∞ -quasi-equivalence between Mor(X) and the full subcategory of F uk(T * X) generated by the standard objects L = Γ df over open sets U ⊂ X, where f : U → R is given by f = log m, and m : X → R is a defining function for X \ U.
Other objects
In this section, we list where some objects of Sh(X) map under the quasi-embedding into T wF uk(T * X). Our discussion is very brief, and we make no attempt at giving proofs. Our motivation is to give some idea of what kinds of objects are represented by actual Lagrangians rather than twisted complexes. We simplify the discussion by ignoring brane structures throughout.
Recall that given a submanifold Y ⊂ X, and a function f : Y → R, we write Γ df ⊂ T * X for the graph of the differential of f . Given a defining function m : X → R for the boundary ∂Y ⊂ X, we consider f : Y → R given by f = log m. There is a more complicated class of objects of Sh(X) which also go to Lagrangians under our quasi-embedding: the so-called tilting perverse sheaves. These may be thought of as extensions of flat vector bundles on submanifolds with boundary conditions somewhere between the standard and costandard extensions. While the intersection cohomology or intermediate extension is cohomologically between the standard and costandard extensions, the tilting extension (if it exists) is geometrically between the two. To understand this, note that one can view the standard Lagrangian L Y,f as giving a vector field on Y which is everywhere inward pointing along ∂Y , and similarly, the costandard Lagrangian −L Y,f as giving a vector field which is everywhere outward pointing. The Lagrangians associated to tilting perverse sheaves give vector fields which are both inward and outward pointing over prescribed parts of the boundary.
Rather than further developing this picture here, we content ourselves with giving an example and formalizing the discussion elsewhere. Consider the complex line C ≃ R 2 with coordinate z, and let i : U ֒→ X be the open subset U = {z ∈ C|z = 0}. Given the defining function m(z) = |z| 2 /2 for the point 0 ∈ C, the standard Lagrangian corresponding to the standard sheaf i * C U is given by the graph of the real part of dz/z.
Similarly, the costandard Lagrangian corresponding to the costandard sheaf i ! C U is given by the graph of the real part of −dz/z. The graph of the real part of dz/z n , for n ≥ 2, is a Lagrangian corresponding to a tilting perverse sheaf. In particular, for n = 2, it corresponds to the indecomposable tilting extension of the constant sheaf on U.
